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Abstract
Let M be an irreducible compact hyperka¨hler manifold of complex dimension six. We
prove that the second Betti number of M is at most 23.
1 Introduction
An irreducible hyperka¨hler manifold is a Riemannian manifold of real dimension 4n whose holon-
omy is equal to Sp(n). The Riemannian metric will be Ka¨hlerian with respect to an S2-family
of complex structures, so henceforth we will always use the complex dimension, 2n. Beauville [2]
and Guan [5] independently proved that the second Betti number of an irreducible compact hy-
perka¨hler manifold of dimension four is bounded above by 23. The Hilbert scheme of two points
on a K3 surface has second Betti number 23, so this bound is sharp. In this article we prove
that the second Betti number of an irreducible compact hyperka¨hler manifold of dimension six is
also bounded above by 23. Up to deformation, there are currently three known examples of such
manifolds: the Hilbert scheme of three points on a K3 surface, the generalized Kummer variety
(see Beauville [1]), and an example of O’Grady [8]. These examples have second Betti numbers
23, 7, and 8, respectively, so once again our bound is sharp.
Why is it important to bound the second Betti number? The first Pontryagin class p1(M)
determines a homogeneous polynomial of degree 2n−2 on H2(M,Z), given by α 7→
∫
M
α2n−2p1(M).
Huybrechts [6] proved that if the second integral cohomology H2 and the homogeneous polynomial
of degree 2n−2 on H2 determined by the first Pontryagin class are fixed, then up to diffeomorphism
there are only finitely many irreducible compact hyperka¨hler manifolds of dimension 2n realizing
this structure. (Instead, one can fix H2 and a certain normalization q˜ of the Beauville-Bogomolov
quadratic form on H2 and arrive at the same conclusion; see [6].) By bounding the second Betti
number, we see that there are finitely many possibilities for H2 as a Z-module; it remains to bound
the other data on H2, to conclude that there are finitely many diffeomorphism types of irreducible
compact hyperka¨hler manifolds of dimension six.
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2 2 DIMENSION FOUR
2 Dimension four
Let us recall how to bound the second Betti number in dimension four. Salamon [10] proved that
the Betti numbers of a compact hyperka¨hler manifold of dimension 2n satisfy the relation
2
2n∑
j=1
(−1)j(3j2 − n)b2n−j = nb2n.
Theorem 1 (Beauville [2], Guan [5]) Let M be an irreducible compact hyperka¨hler manifold
of complex dimension four. Then the second Betti number b2 of M is at most 23.
Proof Irreducible hyperka¨hler manifolds are simply-connected, so b1 = 0. Therefore Salamon’s
relation for n = 2 gives
−2b3 + 20b2 + 92 = 2b4.
Verbitsky [11] proved that SymkH2(M,R) injects into H2k(M,R) for k ≤ n. In particular, we can
write
H4(M,R) ∼= Sym2H2(M,R)⊕H4prim(M,R)
and
b4 =
(
b2 + 1
2
)
+ b′4,
where b′4 denotes the dimension of the primitive cohomology H
4
prim(M,R). Substituting this into
Salamon’s relation gives
−2b3 + 20b2 + 92 = b2(b2 + 1) + 2b′4,
and therefore
−(b2 + 4)(b2 − 23) = −b22 + 19b2 + 92 = 2b′4 + 2b3.
The left-hand side is negative if b2 > 23, whereas the right-hand side is clearly non-negative.
Therefore the second Betti number b2 can be at most 23. 
Example Up to deformation, there are two known examples of irreducible compact hyperka¨hler
manifolds of dimension four: the Hilbert scheme Hilb2S of two points on a K3 surface S (see
Fujiki [3]) and the generalized Kummer variety K2(A) of an abelian surface A (see Beauville [1]).
Their Hodge diamonds are
1
0 0
1 21 1
0 0 0 0
1 21 232 21 1
0 0 0 0
1 21 1
0 0
1
and
1
0 0
1 5 1
0 4 4 0
1 5 96 5 1
0 4 4 0
1 5 1
0 0
1
,
with b2 = 23, b3 = 0, b
′
4 = 0, and b2 = 7, b3 = 8, b
′
4 = 80, respectively. In fact, if b2 = 23 then b3
and b′4 must both vanish.
33 Dimension six
In higher dimensions, the injection SymkH2(M,R) →֒ H2k(M,R) is insufficient to produce a bound
on the second Betti number. Instead we employ the following refinement.
Theorem 2 (Verbitsky [12], Looijenga and Lunts [7]) Let M be an irreducible compact hy-
perka¨hler manifold of dimension 2n with second Betti number b2. Then there is an action of
so(4, b2 − 2) on the real cohomology
⊕4n
k=0H
k(M,R), and hence of so(b2 + 2,C) on the complex
cohomology
⊕4n
k=0 H
k(M,C).
Remark This action is generated by Lefschetz operators: for each Ka¨hler class [ω] the operators
L[ω] and Λ[ω] generate an sl(2,C)-action on the complex cohomology, and the amalgamation of all
these actions yields the so(b2 + 2,C)-action.
We can decompose
⊕4n
k=0 H
k(M,C) into irreducible representations for this so(b2+2,C)-action.
Their highest weights are related to Hodge bi-degrees; indeed, the Hodge diamond is the projection
onto a plane of the (higher-dimensional) weight lattice of so(b2 + 2,C). We can choose positive
roots so that the dominant Weyl chamber projects onto the shaded octant of the Hodge diamond
shown in Figure 1.
Figure 1: The Hodge diamond in dimension six
The irreducible representation with highest weight vector 1 ∈ H0(M,C) is precisely the subring
of the cohomology generated by H2(M,C). In dimension six, the remainder of the cohomology
comes from irreducible representations V1, V2, V3, V4, and V5 whose highest weight vectors lie in
the Hodge groups that are circled in Figure 1 and described in Table 1. The dimensions of the
spin representations are not needed for our arguments.
4 3 DIMENSION SIX
highest weight vector in so(b2 + 2,C)-module dimension
V1 H
2,1(M) a spin representation
V2 H
3,1(M) Λ2Cb2+2 (b2 + 2)(b2 + 1)/2
V3 H
2,2(M) Cb2+2 b2 + 2
V4 H
3,2(M) a spin representation
V5 H
3,3(M) trivial 1
Table 1: Irreducible representations of so(b2 + 2,C) occurring in the cohomology of M
Moreover, V2 will sit inside the Hodge diamond in the following manner (where we have indi-
cated the dimension of V p,q2 for each p, q)
0
0 0
0 0 0
0 0 0 0
0 1 b2 − 2 1 0
0 0 0 0 0 0
0 0 b2 − 2 b
2
2
−5b2+10
2 b2 − 2 0 0
0 0 0 0 0 0
0 1 b2 − 2 1 0
0 0 0 0
0 0 0
0 0
0
,
whereas V3 will sit inside the Hodge diamond as
0
0 0
0 0 0
0 0 0 0
0 0 1 0 0
0 0 0 0 0 0
0 0 1 b2 − 2 1 0 0
0 0 0 0 0 0
0 0 1 0 0
0 0 0 0
0 0 0
0 0
0
.
With these preliminaries out of the way, we can prove our main result.
Theorem 3 Let M be an irreducible compact hyperka¨hler manifold of complex dimension six.
Then the second Betti number b2 of M is at most 23.
Proof When n = 3 Salamon’s relation gives
18b4 − 48b3 + 90b2 + 210 = 3b6.
5Decompose the complex cohomology of M into irreducible representations of so(b2 + 2,C), as
above. Suppose that V2 occurs with multiplicity c, V3 occurs with multiplicity d, and V5 occurs
with multiplicity e. The contributions of V2 and V3 to H
4(M,C) are of dimensions b2 and 1,
respectively. Including Sym2H2(M,C) and multiplicities, we deduce that
b4 =
(
b2 + 1
2
)
+ cb2 + d.
Similarly, the contributions of V2, V3, and V5 to H
6(M,C) are of dimensions (b22 − b2 + 2)/2, b2,
and 1, respectively. Including Sym3H2(M,C) and multiplicities, we deduce that
b6 =
(
b2 + 2
3
)
+ c
(
b22 − b2 + 2
2
)
+ db2 + e.
Substituting the formulae for b4 and b6 into Salamon’s relation gives
36
((
b2 + 1
2
)
+ cb2 + d
)
−96b3+180b2+420 = 6b6 = 6
((
b2 + 2
3
)
+ c
(
b22 − b2 + 2
2
)
+ db2 + e
)
,
and after simplifying and rearranging we obtain
−(b2 + 6)
(
b2 −
21 +
√
721
2
)(
b2 −
21−
√
721
2
)
= −b32 + 15b22 + 196b2 + 420
= 3c(b22 − 13b2 + 2) + 6d(b2 − 6) + 6e+ 96b3.
The left-hand side is negative if b2 ≥ 24 > 21+
√
721
2 ∼ 23.9257. On the other hand, c, d, e, and b3
are all non-negative, so the right-hand side will be non-negative for b2 ≥ 24 (indeed, for b2 ≥ 13).
Therefore the second Betti number b2 can be at most 23. 
Example Up to deformation, there are three known examples of irreducible compact hyperka¨hler
manifolds of dimension six: the Hilbert scheme Hilb3S of three points on a K3 surface S, the
generalized Kummer variety K3(A) of an abelian surface A (see Beauville [1]), and an example M6
of O’Grady [8]. The Hodge numbers of Hilbert schemes of points on K3 surfaces and of generalized
Kummer varieties were calculated by Go¨ttsche and Soergel [4]; for Hilb3S and K3(A) they are
1
0 0
1 21 1
0 0 0 0
1 22 253 22 1
0 0 0 0 0 0
1 21 253 2004 253 21 1
0 0 0 0 0 0
1 22 253 22 1
0 0 0 0
1 21 1
0 0
1
and
1
0 0
1 5 1
0 4 4 0
1 6 37 6 1
0 4 24 24 4 0
1 5 37 372 37 5 1
0 4 24 24 4 0
1 6 37 6 1
0 4 4 0
1 5 1
0 0
1
,
with b2 = 23, b3 = 0, c = 1, d = 0 = e = 0, and b2 = 7, b3 = 8, c = 1, d = 16, e = 240, respectively.
The Hodge numbers of O’Grady’s example M6 were calculated by Mongardi, Rapagnetta, and
Sacca` [9]; they are
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1
0 0
1 6 1
0 0 0 0
1 12 173 12 1
0 0 0 0 0 0
1 6 173 1144 173 6 1
0 0 0 0 0 0
1 12 173 12 1
0 0 0 0
1 6 1
0 0
1
,
with b2 = 8, b3 = 0, c = 6, d = 115, e = 290.
4 Higher dimensions
When n = 4 Salamon’s relation gives
2b7 + 16b6 − 46b5 + 88b4 − 142b3 + 208b2 + 376 = 4b8.
Thus in dimension eight, b7 appears with a coefficient of the ‘wrong’ sign, and we cannot simply
imitate the proof of Theorem 3. We can prove the following weaker result.
Theorem 4 Let M be an irreducible compact hyperka¨hler manifold of complex dimension eight
whose odd Betti numbers all vanish. Then the second Betti number b2 of M is at most 24.
Proof The proof is essentially the same as that of Theorem 3 so we omit most of the details.
After decomposing the complex cohomology of M into irreducible representations of so(b2 +2,C),
we obtain formulae for b4, b6, and b8 in terms of b2 and certain non-negative multiplicities c, d, e,
f , . . .. Substituting these into Salamon’s relation gives
−(b2 + 3)(b2 + 8)
(
b2 −
21 +
√
817
2
)(
b2 −
21−
√
817
2
)
= R.H.S.
The left-hand side is negative if b2 ≥ 25 > 21+
√
817
2 ∼ 24.7916, whereas for b2 ≥ 25 the right-hand
side will be a non-negative linear combination of the non-negative multiplicities c, d, e, f , . . ..
Therefore the second Betti number b2 can be at most 24. 
Remark We could have assumed that only b7 vanishes, but because of the so(b2 + 2,C)-action
on the cohomology this would already imply that all odd Betti numbers vanish.
Remark The pattern appears to be that in dimension 2n, the polynomial in b2 on the left-hand
side has largest root 21+
√
433+96n
2 , so that an irreducible compact hyperka¨hler manifold whose odd
Betti numbers all vanish must have second Betti number b2 ≤ 21+
√
433+96n
2 . The author has not
rigorously verified this.
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